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Abstract 
Shape modification and deformation play an important role in the filed of geometry modeling, computer graphics, conceptual 
design and so on. A novel physically based shape modification approach is presented in this article, with beam model in finite 
element method (FEM). By means of interactively creating a beam with circle cross section based on pre-defined local coordi-
nate system, the primitive geometry model is embedded in the beam globally or locally. After imposing external loads, such as 
concentrated force or couple, on selected nodes, their displacement can be computed. Moreover, deflection, axial deformation 
and twist angle of beam model can also be interpolated using shape function matrix. As a result, object is modified as a part of 
beam. The proposed approach is linear, simple and fast, by which stretch, bending, taping and twist deformation can be accom-
plished. Finally, some experimental results are given to demonstrate that the presented method is potentially useful in geometry 
modeling and shape design.  
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1. Introduction1 
Shape modification and deformation are always a 
hot issue in the field of computer aided design (CAD) 
and computer graphics (CG). It is well known that 
shape design cannot be completed at one stroke and 
is a time-consuming process. Engineering design and 
geometry modeling usually need the ability to modify 
shape of product flexibly so that the product can sat-
isfy designer’s requirements. In the last two decades, 
many efforts have been made to develop convenient 
deformation tool for shape design of curves and sur-
faces. Generally speaking, shape modification methods 
can be divided into two aspects. One is geometric de-
formation approach, and the other is physically based 
deformation approach.  
In 1984, A. H. Barr introduced deformable tech-
nique into the field of geometry modeling for the first 
time[1]. With his method, global and local shape modi-
fication can be achieved. However, since his approach 
lacks interactivity, it has not been widely used in CAD 
system. Famous free-form deformation (FFD)[2], pre-
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sented by T. W. Sederberg and S. R. Parry, is well 
known to be a powerful shape modification tool that 
has been extensively applied to geometry modeling. 
This technique deforms an object by embedding origi-
nal model into a solid defined with a control lattice. A 
perturbation of control vertex leads to deformation of 
lattice and hence the model. Then, various “ramifica-
tions” of FFD, such as extended FFD (EFFD), non 
uniform rational B-spline (NURBS)-based FFD 
(NFFD), directed-manipulation FFD (DFFD) and 
T-spline-based FFD (TFFD)[3-6], have been proposed. 
In order to improve interactivity of shape modification, 
axial deformation technique[7-8] was investigated, 
which allows an object to be deformed by means of 
manipulation axial curve. However, it is difficult to 
achieve twist and taping deformation by traditional 
axial deformation approach. Parametric surface-based 
deformation is presented in Ref.[9]. As a compromise, 
its interactivity and deformable flexibility are between 
FFD and axial deformation. 
Physically based deformation techniques have also 
been developed during the past twenty years. Since 
many real-world objects are elastic and deformable, 
physically based modeling has become a useful and 
popular modeling approach to CAD/CG. In these 
methods, curves and surfaces are treated as real objects 
subjected to external loads, and allowed to be stretched, 
bended and twisted. In 1987, D. Terzopoulos, et al.[10] Open access under CC BY-NC-ND license.
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first proposed an elastic energy model of surface and 
derived deformation equations by elastic theory. Based 
on their work, G. Celniker, et al.[11] presented a method 
to modify shape of B-spline surfaces by means of 
minimizing deformation energy. “Variational surface” 
was proposed by W. Welch, et al[12]. With their method, 
shape of surface can be modified via constraint opti-
mization. Owing to solvability of complicated defor-
mation equations, finite element method (FEM) has 
been widely applied to physically based modeling[13-16]. 
In FEM, original objects are tessellated into a set of 
elements, which are specified material properties that 
have physical meanings, to approximate continuous 
mechanics equation. Thus, deformation of object can 
be computed by solving equation system with large 
sparse matrix. 
Based on work (shape modification using mechanics 
and materials) in Ref.[17], a new deformation method 
with beam model in FEM is proposed. The basic idea 
of our approach is as follows. Firstly, a deformable 
beam with circle cross section is defined based on lo-
cal coordinate system. Secondly, original object is 
embedded in it globally or locally. Thirdly, it is divided 
into some discrete beam elements. Finally, by impos-
ing external loads on selected nodes and introducing 
constraints, such as fixed or hinged support, node dis-
placement can be computed. Moreover, the deflection, 
axial stretch and twist angle of beam element can also 
be interpolated using shape function matrix. As a result, 
embedded object will be deformed as a part of beam. 
2. Finite Element Formulation of Beam Model  
In FEM, continuous object are divided into discrete 
elements, and external loads can only be imposed on 
their nodes. Deformation of one spatial beam (ignoring 
shear deformation) consists of bending in xy plane, 
bending in xz plane, twist and axial stretch. Let Pix, Piy, 
Piz, Mix, Miy and Miz represent node loads, such as con-
centrated force and couple, imposed on node i. Let ui, 
vi, wi, θi, φi and ϕi denote node displacement and rota-
tion degree of freedom (DOF). Fig.1 shows beam ele-
ment in xy plane, where Piy, Pjy are concentrated forces, 
and Miz, Mjz are couples respectively.  
 
Fig.1  Beam element and its node loads in xy plane. 
Suppose v(x) represents the deflection function in xy 
plane. According to the theory in mechanics of materi-
als, deflection of beam is a set of piecewise cubic 
spline function about variable x, so in one element v(x) 
can be supposed as follows: 
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From Eq.(2), the following equation can be derived. 
( ) ev x = Nδ                (3) 
where  δ e = [vi  ϕi  vj  ϕj]T is node displacement 
vector, and N = [N1  N2  N3  N4] is shape function 
matrix written as follows: 
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Element stiffness matrix of beam in xy plane can be 
computed with the following equation. 
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where E is the elastic modulus, Iz the axial movement 
of intertia. 
Similarly, deflection function w(x) in xz plane and 
element stiffness matrix exzk  can also be computed in 
the same way. Element stiffness matrix exk  denoting 
axial stretch, t
ek describing twist, and their shape func-
tions are presented in 
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where A is the area of cross section, G the shear 
modulus, and Ip the polar inertia moment.  
If exk ,
e
xyk ,
e
xzk and t
ek are assembled together, one 
stiffness matrix (12×12) of beam element can be ob-
tained. As a result, the total stiffness matrix of beam is 
given as follows: 
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where n represents the number of elements, and ke is 
the element stiffness matrix. 
Furthermore, in order to achieve taping deformation, 
axisymmetric external loads can be imposed on beam 
(see Fig.2). By taking plate dx into account, if normal 
and shearing stress on two planes is ignored, the plate 
can be considered as a planar stress problem in polar 
coordinate. The analytic solution is given as follows: 
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In this section, only the basic finite element formu-
lation of beam model is simply reviewed, and more 
details can be found in related books. 
 
Fig.2  Imposing axis symmetric loads on beam. 
3. Algorithm of Deformation with FEM 
3.1. Defining a deformable beam 
In order to apply the formulations mentioned in 
Section 2 to deformable design, one spatial beam 
should be defined so that original geometry model can 
be embedded in it. First of all, a local coordinate sys-
tem needs to be created, and hence one beam with 
length l and radius R is defined, whose axis is consis-
tent with x-axis of the local coordinate system. 
As shown in Fig.3, suppose origin, x-axis, y-axis 
and z-axis of local coordinate system o-xl yl zl are O = 
[ox  oy  oz]T, Vx = [vx1  vx2  vx3]T, Vy = [vy1  vy2  
vy3]T and  Vz = [vz1  vz2  vz3]T. Coordinates of the 
same vertex in local and original coordinates are Tl = 
[tlx  tly  tlz]T and T = [tx  ty  tz]T respectively. Ac-
cordingly, Tl and T can be converted to each other by 
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V  is a converting matrix. 
Above all, vertices on geometry model should be 
converted to local coordinates. As a result, those verti-
ces in beam, which satisfy 0 ≤ tlx ≤ l and 0 ≤ 2 2l ly zt t+ ≤ 
R, will be deformed on the action of external loads. 
 
Fig.3  Illustration of local coordinate and beam. 
3.2. Deformation computation using FEM 
Since the proposed method is based on theory of 
linear FEM, the computation of deformation is to solve 
a large sparse equation system in essence. In order to 
ensure the coefficient matrix un-singular, enough con-
straints, such as fixed or hinged support, must be in-
troduced. As shown in Fig.4, the beam consists of six 
elements and seven nodes. The first and last nodes are 
fixed and hinged respectively. Moreover, external 
loads, including concentrated force or couple, are im-
posed on three free nodes. 
 
Fig.4  Illustration of nodes, elements and loads. 
To compute all node displacements, the following 
equation system needs to be solved. 
= ⋅ΔP K                 (10) 
where P = [P1  P2  …  Pn]T is external load vector,   
Δ = [δ1  δ2  …  δn]T is node displacement vector, 
and K is total stiffness matrix of beam. 
Cholesky decomposition is used to solve the above 
equation system. By considering K to be a positive 
matrix, it can be decomposed as K = L·D·LT where L is 
a lower triangular matrix and D is a diagonal matrix. 
Therefore, equation system Eq.(10) can be easily 
solved by  
T
= ⋅ ⋅ ½°¾
= ⋅ °¿
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               (11) 
Suppose vertex Tl = [tlx  tly  tlz]T is embedded in 
beam element i with node i and j, and put xl = tlx – xi 
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where xi is x-coordinate of node i. Accordingly, after 
node displacement vector Δ is obtained, deformation 
of vertex Tl, such as deflection vi(xl), wi(xl), axial dis-
placement ui(xl) and twist angle ϕi(xl), can be interpo-
lated with shape function matrix given in Eq.(3) and 
Eq.(6).  
In fact deformation of Tl in FEM is made up of 
three translations along coordinate axis and one rota-
tion around x-axis. Axial stretch u(xl), deflection v(xl) 
and w(xl) denote movement along the three coordinate 
axes respectively, and twist angle θ (xl) describes rota-
tion around x-axis. As a result, shape of original model 
can be adjusted by means of imposing external loads 
on free nodes of beam model.  
If homogeneous coordinate is used to represent the 
coordinate, translation of Tl along three coordinate 
axes can be computed by the following equation: 
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l l l
1
1
1
( ) ( ) ( ) 1i i iu x v x w x
ª º« »« »
= + Δ = « »« »¬ ¼
T T T   (12) 
So, deformation of vertex Tl can be written as 
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Similarly, rotation of Tl along x-axis is given as fol-
lows: 
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Suppose βl (tan βl = tly/tlz) represents the angle of 
vertex Tl  in cylinder coordinate system. If beam is 
subjected to axisymmetric loads, its radial deformation 
can be computed by  
l l rΔ = ⋅T T D                (15) 
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r l l r l l
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As a result, the final movement of Tl is presented by 
l t r( )xΔ = ⋅ + +T T D D D           (16) 
It should also be pointed out that all computation is 
in local coordinate system, and after deformation all 
vertices should be converted to original coordinate 
using Eq.(9).  
Obviously, if part of original geometry model is 
embedded in beam, local deformation can be accom-
plished. Examples presented in this article are triangu-
lar mesh models. Since topology of original geometric 
model is not changed, position continuity can be 
guaranteed between deformed and undeformed area 
using local deformation technique. 
4. Experimental Results 
In this section, experimental results are given to 
demonstrate the proposed shape modification algo-
rithm based on beam model in FEM. In all examples, 
let elastic modulus E = 1 000 and Poisson ratio ȝ = 0.4. 
User can interactively choose free nodes to impose 
external loads. 
As shown in Fig.5, taping and bending deformation 
is accomplished. In Fig.5(a), axisymmetric loads, 
which can be written as q(x) = q0x (q0 = 160, 0  x 
250), are imposed on the whole beam. Moreover, 
deformation result can be adjusted via changing q0 
(q0 = −320). In Fig.5(b), the first and third nodes are 
both introduced to hinged constraints. External load, 
such as bending couple Mz = 2×107, is imposed on 
middle free node. Similarly, by setting Mz = 5×107 
different shape can also be obtained. It is well known 
that if one node is fixed, its translation and rotation 
DOFs are both restricted. Therefore, deformation 
magnitude close to the fixed end is relatively small. In 
Fig.5(c), the first node is fixed, the third node is hinged, 
and the same external load is imposed on middle node. 
However, in Fig.5(d), the first and third nodes are both 
fixed. Finally we can find the influence of different 
boundary conditions on deformation from Figs.5(b)- 
5(d). 
 
(a) 
 
(b) 
 
(c) 
 
(d) 
Fig.5  Taping and bending deformation. 
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Fig.6 demonstrates how to construct phone model 
from a cylinder. Global and local deformation tech-
niques are both used. Deformations in Fig.6(a), Fig.6(b) 
and Fig.6(c) are based on cantilever beam by means of 
imposing axial load on free node, whereas deformation 
in Fig.6(d) is based on simply supported beam, and 
external load along y-axis is imposed on middle free 
node. 
 
(a) 
 
(b) 
 
(c) 
 
G
Fig.6  Constructing phone model from a cylinder. 
Fig.7 shows an example about modeling bolt from a 
cylinder. Taping, stretch and twist deformation tech-
niques are all used with local deformation. Fig.7(a) 
demonstrates local taping deformation, and constant 
axisymmetric loads are imposed on beam model. 
Fig.7(b) shows how to construct hexagon head of bolt 
by using axial stretch deformation six times based on 
cantilever beam. Similar with Fig.7(b), if the same 
technique is used four times, results shown in Fig.7(c) 
can be obtained. Fig.7(d) demonstrates local twist de-
formation via imposing twist couples on free node. 
 
(a) 
 
(b) 
 
(c) 
 
(d) 
Fig.7  Constructing bolt model from a cylinder. 
Unlike Fig.7(d), if cylinder model, whose axis is not 
consistent with x-axis of local coordinate system, is 
embedded in beam model, “interesting” result can be 
accomplished. In Fig.8(a), original model is embedded 
in the beam bottom and only a twist couple is imposed 
on end free node. As a result, cylindrically helical 
compression spring can be obtained. In Fig.8(b), axial 
loads and a twist couple are imposed on three nodes, 
and hence variable pitch cylindrically helical spring is 
achieved. 
 
(a) 
 
(b) 
Fig.8  Constructing spring model from a cylinder. 
5. Conclusions 
(1) With beam model in FEM, a novel shape modi-
fication method is investigated. Main process of the 
algorithm is as follows: First of all, a local coordinate 
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system is created and based on it a beam is defined. 
Second, after dividing the beam into some elements, 
introducing constraints and imposing external loads, 
node displacement can be computed using FEM. Fi-
nally, movement of vertices on geometry model is in-
terpolated via shape function matrix. In fact the pre-
sented approach is similar to axial deformation tech-
niques. However, comparing with traditional axial 
deformation methods, taping and twist deformation 
can be easily achieved so long as imposing axisym-
metric loads on beam or a twist couple on free node. 
Moreover, if external loads or constraints become 
complicated, for example beam model is high-order 
statically indeterminate, it is hard to get the analytical 
solution. As a result, only some simple cases (simply 
supported beam or cantilever beam) are implemented 
using mechanics of material. FEM, however, provides 
a uniform procedure to compute deformation of beam 
model numerically regardless of external loads and 
constraints. As a supplement for existing deformation 
tool, the presented approach shows potential applica-
tion for geometry modeling. 
(2) By considering limitation of linear FEM, inter-
activity and deformation results with one beam model, 
further researches should aim to implement large de-
formation using nonlinear FEM, direct manipulation of 
geometry model using FEM, rigid frame-based shape 
modification and so on. 
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